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Abstract The response of a laccase-based amperometric biosensor that acts in a
synergistic manner was modelled digitally. A mathematical model of the biosensor is
based on a system of non-linear reaction diffusion equations. The modelling biosensor
comprises three compartments, an enzyme layer, a dialysis membrane and an outer
diffusion layer. By changing input parameters the biosensor action was analysed with
a special emphasis to the influence of the species concentrations on the synergy of the
simultaneous substrates conversion. The digital simulation was carried out using the
finite difference technique.

Keywords Mathematical modelling · Simulation · Biosensor · Laccase ·
Synergistic scheme

1 Introduction

Biosensors are analytical devices made up of a combination of a biological entity,
usually an enzyme, that recognizes a specific analyte and the transducer that translates
the biorecognition event into a signal [1,2]. The signal is usually proportional to the
concentration of the target analyte. Amperometric biosensors measure the changes in
the output current arising on the electrode because of the direct electrochemical reduc-
tion or oxidation of the biochemical reaction product [3]. Amperometric biosensors
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are known to be relatively cheap, sensitive and reliable devices, widely used in clini-
cal diagnostics, drug discovery, food analysis and environment monitoring and some
other purposes [4–7].

There are many different schemes of enzymatic catalysis apart from the simplest
Michaelis-Menten case that might be exploited for the bioelectrocatalysis and the
construction of biosensors [8,9]. Synergistic scheme of substrates conversion is of
particular interest due to the fact that this scheme allows producing highly sensitive
bioelectrodes and powerful biofuel cells [10–14]. In the synergistic scheme, an enzyme
catalyses the parallel conversion of substrates into the products, with the concomitant
cross-reaction of the substrates and the products. Moreover, in this case, the average
rate of substrates conversion exceeds the rate of individual reaction steps [15–17].

A number of characteristics are important in the development of actual biosen-
sors [1,2,4,9]. To improve the productivity as well as the efficiency of the biosensor
design, a model of the biosensor should be built [18,19]. Mathematical models have
been widely used to study and optimise analytical characteristics of the biosensors
[20–24].

Recently, the laccase-based bioelectrode utilising synergistic N-substituted phen-
othiazines and phenoxazines oxidation in the presence of hexacyanoferrate(II) was
built and investigated [25]. The synergistic process was analytically investigated
assuming the steady state conditions, ignoring the mass transport and applying many
other simplifications. The action of bioelectrodes includes not only biocatalytical con-
version but also the mass transport of substrates as well as products [1,2,4,26]. The
diffusion limitations causes bioelectrode sensitivity changes. For the accurate predic-
tion of the bioelectrode response, the mass transport by diffusion has to be considered
together with the biocatalytical conversion [27–29]. The modelling of these processes
by an analytical solution of the system of differential equations is practically impos-
sible [30,31].

This paper presents a mathematical model of a laccase-based biosensor utilizing
simultaneous substrates conversion. The developed model is based on non-stationary
non-linear reaction-diffusion equations [24,30]. The modelling biosensor comprises
three compartments, an enzyme layer, a dialysis membrane and an outer diffusion
layer. By changing input parameters the biosensor action was analysed with a special
emphasis to the influence of the species concentrations on the synergy of the simul-
taneous substrates conversion. The digital simulation was carried out using the finite
difference technique [24,30,32].

2 Modelling biosensor

In this paper a laccase-based biosensor is modelled [25]. We assume that it is com-
posed of a graphite electrode covered with the net (mesh = 160, thickness of the
thread 100 µm) and the enzyme solution. The enzyme layer is separated from the bulk
solution by means of the dialysis membrane. The diffusion layer where the flux of
the substances takes place is also considered. The schematic view of the modelled
biosensor is presented in the Fig. 1.
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Fig. 1 The schematic view of the laccase-based amperometric biosensor

Fig. 2 Scheme of electron transfer in laccase biosensor

The scheme of the laccase action comprises the stadium of oxidized laccase inter-
action with two substrates as well as a cross reaction of the oxidized mediator and
ferrocyanide [25]. The laccase is activated with oxygen,

Laccase(red) + O + 4H+ k1−→ Laccase(ox) + 2H2O, (1)

Laccase(ox) + 4Fe(CN)4−
6

k2−→ Laccase(red) + 4Fe(CN)3−
6 , (2)

Laccase(ox) + 4Mred
k3−→ Laccase(red) + 4Mox, (3)

Mox + Fe(CN)4−
6

k4−→ Mred + Fe(CN)3−
6 , (4)

where Laccase(red) and Laccase(ox) are the reduced and oxidized forms of laccase,
O - oxygen (O2), H2O - water, H+ stands for the hydrogen ion, Fe(CN)4−

6 is the hexa-
cyanoferrate(II) (ferrocyanide), Fe(CN)3−

6 is the hexacyanoferrate(III) (ferricyanide),
Mred, Mox—stand for the reduced and oxidized mediators respectively, k1, k2, k3, k4
are the reaction rate constants (see Fig. 2).

On the electrode surface the ferricyanide is reduced to ferrocyanide whereas
oxidized mediator is converted to its reduced form,

Fe(CN)3−
6 + e− −→ Fe(CN)4−

6 , (5)

Mox + e− −→ Mred. (6)
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In the terms of substrates and products the reaction scheme (1)–(6) can be written
as follows:

Ered + O + 4H+ k1−→ Eox + 2H2O, (7)

Eox + 4S1
k2−→ Ered + 4P1, (8)

Eox + 4S2
k3−→ Ered + 4P2, (9)

P2 + S1
k4−→ S2 + P1, (10)

P1 + e− −→ S1, (11)

P2 + e− −→ S2, (12)

where Ered and Eox correspond to the reduced and the oxidized laccase enzyme,
respectively, S1 and S2 are the substrates, P1, P2—stand for the products of the reac-
tions. S2 and P2 are called the reduced and the oxidized mediators, respectively. The
products P1 and P2 are the electrochemically active substances.

3 Mathematical model

The biosensor model involves the following regions: an enzyme-loaded nylon net, a
dialysis membrane, an outer diffusion limiting region, and a convective region where
the analyte concentration is maintained constant. Due to the relatively small volume of
the nylon net in comparison with the volume of the enzyme, the enzyme-loaded mesh
can be assumed as a periodic media, and the homogenisation process can be applied to
the enzyme-loaded mesh [33]. These assumptions lead to a three compartment model.
The homogenised enzyme layer corresponds to the first compartment. The dialysis
membrane and the outer diffusion are the next two compartments.

3.1 Governing equations

Assuming the homogeneous distribution of immobilised enzyme, the mass transport
and the reaction kinetics in the enzyme layer of the uniform thickness can be described
by the following system of the reaction-diffusion equations (0 < x < a1, t > 0):

∂ Ered,1

∂t
= DEred,1

∂2 Ered,1

∂x2 + 4k2 Eox,1S1,1 − k1 Ered,1 O1 + 4k3 Eox,1S2,1, (13a)

∂ Eox,1

∂t
= DEox,1

∂2 Eox,1

∂x2 + k1 Ered,1 O1 − 4k2 Eox,1S1,1 − 4k3 Eox,1S2,1, (13b)

∂S1,1

∂t
= DS1,1

∂2S1,1

∂x2 − 4k2 Eox,1S1,1 − k4 P2,1S1,1, (13c)

∂S2,1

∂t
= DS2,1

∂2S2,1

∂x2 − 4k3 Eox,1S2,1 + k4 P2,1S1,1, (13d)

∂ P1,1

∂t
= DP1,1

∂2 P1,1

∂x2 + 4k2 Eox,1S1,1 + k4 P2,1S1,1, (13e)
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∂ P2,1

∂t
= DP2,1

∂2 P2,1

∂x2 + 4k3 Eox,1S2,1 − k4 P2,1S1,1, (13f)

∂O1

∂t
= DO1

∂2 O1

∂x2 − k1 Ered,1 O1, (13g)

where Ered,1, Eox,1, Si,1, Pi,1 and O1 stand for the concentrations of the reduced and
oxidized forms of the enzyme, i th substrate, i th product and oxygen, respectively,
a1 is the thickness of the enzyme layer, DEred,1 , DEox,1 , DSi,1 , DPi,1 and DO1 are the
diffusion coefficients, i = 1, 2.

In the dialysis membrane as well as in the outer diffusion layer no enzymatic
reaction occurs. Hence, only the mass transport by diffusion and the electrochemical
reaction (11) are modelled (a j−1 < x < a j , t > 0),

∂S1, j

∂t
= DS1, j

∂2S1, j

∂x2 − k4 P2, j S1, j , (14a)

∂S2, j

∂t
= DS2, j

∂2S2, j

∂x2 + k4 P2, j S1, j , (14b)

∂ P1, j

∂t
= DP1, j

∂2 P1, j

∂x2 + k4 P2, j S1, j , (14c)

∂ P2, j

∂t
= DP2, j

∂2 P2, j

∂x2 − k4 P2, j S1, j , (14d)

∂O j

∂t
= DO j

∂2 O j

∂x2 , (14e)

where Si, j , Pi, j and O j stand for the concentrations of the i th substrate, i th product
and oxygen in the dialysis membrane ( j = 2) and the diffusion layer ( j = 3), respec-
tively, a1 is the thickness of the enzyme layer, a2 − a1 and a3 − a2 are the thicknesses
of the membrane and the diffusion layer, respectively, DSi, j , DPi, j and DO j are the
diffusion coefficients, i = 1, 2, j = 2, 3.

3.2 Initial conditions

The biosensor operation starts when the substrates appear on the boundary of the
diffusion layer (t = 0),

Si, j = 0, x ∈ [a j−1, a j ], j = 1, 2, (15a)

Si,3 = 0, x ∈ [a2, a3), (15b)

Si,3 = Si,0, x = a3, (15c)

where Si,0 is the concentration of the i th substrate in the buffer solution, a0 = 0, i =
1, 2.
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Initially, the oxygen is assumed to be of uniform concentration, while the products
are assumed of zero concentration (t = 0),

Pi, j = 0, O j = O0, x ∈ [a j−1, a j ], j = 1, 2, 3, (16)

where O0 is the initial concentration of the oxygen.
The whole enzyme is initially in the reduced form (t = 0),

Ered,1 + Eox,1 = E0, Ered,1 = E0, Eox,1 = 0, x ∈ [0, a1], (17)

where E0 stands for the initial as well as the total concentration of the enzyme.

3.3 Boundary conditions

On the electrode surface the products are consumed and the substrates are regenerated
by reactions (11) and (12) (t > 0),

Pi,1 = 0, x = 0, (18a)

DSi,1

∂Si,1

∂x

∣
∣
∣
∣
x=0

= −DPi,1

∂ Pi,1

∂x

∣
∣
∣
∣
x=0

, i = 1, 2. (18b)

Assuming the impenetrable plate surface, the mass flux of the electro-inactive
substance vanishes at this boundary (t > 0),

∂O1

∂x

∣
∣
∣
∣
x=0

= 0. (19)

During the biosensor operation the enzyme remains locked in the enzyme layer
(t > 0),

∂ Eox

∂x

∣
∣
∣
∣
x=0

= ∂ Eox

∂x

∣
∣
∣
∣
x=a1

= ∂ Ered

∂x

∣
∣
∣
∣
x=0

= ∂ Ered

∂x

∣
∣
∣
∣
x=a1

= 0. (20)

The outer diffusion layer (a2 < x < a3) can be treated as the Nernst diffusion layer
[30]. According to the Nernst approach the layer of the thickness (a3 − a2) remains
constant. In the bulk solution the concentrations of the substances remain constant
(t > 0),

S1,3 = S1,0, S2,3 = S2,0, P1,3 = 0, P2,3 = 0, O3 = O0, x = a3. (21)
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On the boundary between the adjacent regions having different diffusivities, we
define the matching conditions (t > 0),

DSi, j

∂Si, j

∂x

∣
∣
∣
∣
x=a j

= DSi, j+1

∂Si, j+1

∂x

∣
∣
∣
∣
x=a j

, Si, j = Si, j+1, x = a j , (22a)

DPi, j

∂ Pi, j

∂x

∣
∣
∣
∣
x=a j

= DPi, j+1

∂ Pi, j+1

∂x

∣
∣
∣
∣
x=a j

, Pi, j = Pi, j+1, x = a j , (22b)

DO j

∂O j

∂x

∣
∣
∣
∣
x=a j

= DO j+1

∂O j+1

∂x

∣
∣
∣
∣
x=a j

, O j = O j+1, x = a j , (22c)

where i = 1, 2, j = 1, 2.

3.4 Response of the biosensor

The measured current is accepted as a response of an amperometric biosensor in a
physical experiment. The current I (t) depends upon the fluxes of the hexacyanofer-
rate(III) and mediator at the electrode surface,

I (t) = ne F A

(

DP1,1

∂ P1,1

∂x

∣
∣
∣
∣
x=0

+ DP2,1

∂ P2,1

∂x

∣
∣
∣
∣
x=0

)

, (23)

where ne is a number of electrons involved in the electrochemical reaction, F is
Faraday’s constant and A stands for the geometrical surface of the electrode.

We assume that the system (13)–(22) approaches a steady state as t → ∞,

I∞ = lim
t→∞ I (t), (24)

where I∞ is the steady state current.

4 Digital simulation

Because of non-linearity of the problem, no analytical solution is possible [30]. Hence
the numerical simulation was employed. We applied a uniform discrete grid to sim-
ulate the biosensor using explicit finite difference method [24,32]. The program was
implemented in Java programming language [34].

We assume the biosensor response IR calculated at the moment TR as the steady
state response,

IR = I (TR) ≈ I∞, TR = min
j>0,I j >0

{

τ j : I j − I j−1

I j
< ε

}

, τ j = τ j, (25)

where τ stands for the size of time step, I j = I (τ j ). We used ε = 10−3 for the
calculations.
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Table 1 Simulation parameters
Parameter Value Reference

a1 100 µm [25]

a2 18.7 µm [25]

a3 64.2 µm [35]

k1 2.44 µM−1 s−1 [15]

k2 0.26 µM−1 s−1 [25]

k3 18 µM−1 s−1 [25]

k4 330 µM−1 s−1 [36]

E0 2.76 µM [25]

S1,0 28 µM [25]

S2,0 11 µM [25]

O0 253 µM [25]

DS1,1 , DS2,1 , DP1,1 , DP2,1 3.2 × 10−10m2 s−1 [37]

DS1,2 , DS2,2 , DP1,2 , DP2,2 5.6 × 10−11m2 s−1 [37]

DS1,3 , DS2,3 , DP1,3 , DP2,3 6.3 × 10−10m2 s−1 [37]

DO1 2.01 × 10−9m2 s−1 [38]

DO2 2.01 × 10−9m2 s−1 [38]

DO3 2.01 × 10−9m2 s−1 [38]

DEred,1 , DEox,1 3.6 × 10−11m2 s−1 [39]

ne 1 [25]

A 7 × 10−6m2 [25]

The values and references of the model parameters employed in the numerical
experiments are summarized in Table 1.

5 Results and discussion

The behaviour of the laccase-based biosensor response was investigated by using com-
puter simulation. By changing input parameters the biosensor action was analysed with
a special emphasis to the influence of the species concentrations on the synergy of the
simultaneous substrates conversion. The simulation was performed at wide ranges of
the parameter values.

Figure 3 shows the steady-state profiles of the concentrations simulated at values
given in Table 1. As expected, the concentrations of S1 and S2 are lower than the
concentrations of P1 and P2 due to the enzymatic conversion of the substrates to the
products. In the outer part of the enzyme layer, the concentrations are constant and
they change gradually in the dialysis membrane and the diffusion layer. In the close
proximity to the electrode, the increase of S1 and the concomitant decrease of P1 are
observed due to the electrochemical reaction (11). A similar but relatively smaller
change is followed by S2 and P2 which was probably caused by the reaction (12).
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Fig. 3 The steady state concentration profiles of the ferrocyanide (S1), mediator (S2), ferricyanide (P1),
oxidased mediator (P2) and oxygen (O) in the enzyme layer (0 < x < 100 µm), dialysis membrane
(100 < x < 118.7 µm) and the diffusion layer (118.7 < x < 182.9 µm). The grey zone represents the
dialysis membrane. Values of the model parameters are given in Table 1

To see the effect of the mediator (substrate S2) on the biosensor response, two dif-
ferent experiments were simulated. The simulated biosensor currents are depicted in
Fig. 4. In the initial stage of both simulated experiments, only the first substrate S1
(S1,0 = 28 µM) was infused into the buffer solution. When the system has reached
the steady state (t = 800 s), an additional substrate was infused. In the first case of
the biosensor operation (curve 1), the mediator (second substrate, S2,0 = 11 µM) was
infused keeping the concentration of S1 unchanged, while in the second case (curve 2)
an additional amount of S1 was infused keeping the zero concentration of S2. Finally,
the total concentration of the substrates was the same (S1,0 + S2,0 = 39 µM) in both
cases. As one case see in Fig. 4 that the addition of the hexacyanoferrate(II) (sub-
strate S1, curve 2) increases the bioelectrode current, which after ca. 200 s reaches the
steady-state. However, the addition of the mediator (substrate S2, curve 1) causes a
supplementary increase of the bioelectrode response over that which is attained with
equal amount of S1.

The addition of the mediator cases additional increase of the bioelectrode response
(Fig. 4). To investigate this effect in details, the bioelectrode responses were simu-
lated at a wide range of the mediator concentrations. Figure 5 shows the dependence
of the steady state bioelectrode response IR on the concentration S2,0 of the mediator
at three enzyme concentrations E0. The increase of the current notably depends on
the mediator concentration. The dependence of IR on S2,0 is practically linear up to
10 µM. At higher concentrations of the mediator, the dependence of the current on
the mediator concentration shows a saturation character. Very similar dependence of
the response on the mediator concentration was observed in real experiments [25].
In [25] the observation was made that the bioelectrode sensitivity was dependent on
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Fig. 4 The change of the laccase-based biosensor current I (t) in two operation cases: (1) the concentra-
tion S2,0 of the mediator was set to 11 µM at time t = 800 s, (2) in absence of mediator (S2,0 = 0) the
concentration S1,0 of the ferrocyanide was increased to 39 µM at time t = 800 s. The other parameters are
the same as in Fig. 3

Fig. 5 The dependence of steady state bioelectrode response IR on the concentration S2,0 of the mediator
at three enzyme concentrations E0: 2.76 (1), 1.38 (2), 0.69 (3) µM. The other parameters are listed in
Table 1

immobilized laccase concentration. Contradictory results were obtained by using the
modelling as sensitivity was nearly unchanged in the range of E0 from 0.69 to 2.76µM.

Figure 6 presents the dependence of the bioelectrode response on the concentration
S1,0 of ferrocyanide (S1) and time (t). As it is apparent from Fig. 6, the increase of
the current upon the addition of the mediator also depends on the concentration S1,0
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Fig. 6 The dynamics of the bioelectrode response at different concentrations S1,0 of ferrocyanide. The
other parameters are listed in Table 1

of ferrocyanide. With the higher amount of S1,0, a relatively smaller increase of the
current is obtained. This can be explained by the competitive action of S1 and S2.
S1 competes with S2 for the binding to the active site of laccase, and, at the high
concentrations S1,0 of ferrocyanide, there is almost none of P2, which participates in
the synergistic reaction, produced.

In order to estimate the limits of synergistic effect it is useful to introduce the
difference IS ,

IS = IR − I0R, (26)

where I0R stands for the steady state current before the addition of the mediator [25].
IS is the the current calculated by withdrawing from the overall bioelectrode current
the bioelectrode current in the presence of ferrocyanide at zero mediator concentra-
tion. The difference IS between the steady state currents IR and I0R can be called as
the synergistic current [25].

Figure 7 shows the dependence of the synergistic current IS on the enzyme con-
centration E0. The source currents IR and I0R are also depicted in Fig. 7. As one
can see in Fig. 7 the synergistic current IS is a non-monotonous function of E0. It
shows that the synergistic current reaches a maximum at E0 = 5 µM. Below that
value, small amount of product P2 is produced for the synergetic reaction to occur.
Above the peak value, most of S1 is consumed in reaction (8) hindering the synergetic
reaction.

Figure 8 shows the dependence of the synergistic current IS on the concentration
S1,0 of the ferrocyanide (substrate S1). This dependence can be explained similarly as
the dependence of IS on the enzyme concentration E0. At very high concentrations
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Fig. 7 The steady state bioelectrode responses IR and I0R as well as the synergistic current IS versus the
enzyme concentration E0. The other parameters are listed in Table 1

Fig. 8 The dependences of the steady state bioelectrode responses IR and I0R as well as the synergistic
current IS on the substrate concentration S1,0 at values of the model parameters given in Table 1

S1,0 of the substrate S1, the enzyme is mostly involved in reaction (8) and this slows
down the production of the product P2 which is necessary for the synergetic reac-
tion.
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6 Conclusions

The developed mathematical model (13)–(23) can be successfully used to simulate the
behavior of the laccase-based biosensor utilising simultaneous substrates conversion
(Fig. 1).

The synergistic current IS is a non-monotonous function of the enzyme concentra-
tion E0 (Fig. 7) as well as of the substrate concentration S1,0 (Fig. 8). The limits of
synergistic effect were estimated with the maximum synergistic current IS obtained at
E0 = 5 µM and S1,0 = 12 µM. Taken together, these results confirm the synergistic
effect in the laccase biosensor [25].

The synergistic effect of the laccase-based biosensors can be increased by selecting
an appropriate concentration of the enzyme as well as values of some other model
parameters. The computational simulation of the biosensor response can be used as a
tool in design of novel highly sensitive laccase-based biosensors.

To prove conclusions made the experiments are running using laccase-based
biosensors with different geometry and catalytical parameters.
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